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Abstract. Let p n denote the n th prime. Goldston, Pintz, and Yildirim re- 
cently proved that 




We give an alternative proof of this result. We also prove some corresponding 
results for numbers with two prime factors. Let q n denote the n number 
that is a product of exactly two distinct primes. We prove that 



liminf (q n +l — Qn) < 26. 



If an appropriate generalization of the Elliott-Halberstam Conjecture is true, 
then the above bound can be improved to 6. 



1. Introduction 



In 1849, A. de Polignac ([5], p. 424) conjectured that every even number is the 
difference of two primes in infinitely many ways. More generally, we can let = 
{hi, hi, . . . , hk\ be a set of k distinct integers. A major open question in number 
theory is to show that there are infinitely many positive integers n such that n + 
hi, n + hi, . . . , n + hu are all prime, provided that !K meets an obvious necessary 
condition that we call admissibility. For each prime p, let v p {'K) be the number 
of distinct residue classes mod p in !K. We say that the set J£ is admissible if 
i/ p (J{) < p for all p. 

Using heuristics from the circle method, Hardy and Littlewood [12] realized the 
significance of the singular series &(%), defined as 



for this problem. They made a conjecture about the asymptotic distribution of the 
numbers n for which n + hi, . . . , n + hk are all prime, which we state here in the 
following form. 
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Conjecture 1. Let w(n) denote function 

log n if n is prime, 



(1.2) w(n) 



otherwise. 



As N tends to infinity, 

(1.3) ™(n + h 1 )m(n + h 2 )...zu(n + h k ) = N(6(W) + o(l)). 

n<N 

From the definition of 6(!H), we see that 6 (IK) ^ if and only if f p (5C) < p for all 
primes p; i.e., if and only if "K is admissible. 

The set "K — {0, 2} is admissible, so the Hardy-Littlcwood conjecture implies that 

liminf(p„+i - p n ) = 2, 

n^oo 

where p n denotes the n th prime. In an unpublished paper in the Partitio Numero- 
rum series, Hardy and Littlewood [13] proved that if the Generalized Riemann 
Hypothesis is true, then 

liminf| >n + l- P n \2 



logp„ J 3 

In 1940, Erdos [7] used Brun's sieve to give the first unconditional proof of the 
inequality 

liminf ( Wi-M <L 

In 1965, Bombieri and Davenport [2] proved unconditionally that 

(1.4) liminf (P^+i^PA < 0.4665.... 

n^oo y log p n J 

This result was one of the first applications of what is now known as the "Bombieri- 
Vinogradov Theorem," which we state as follows. 

Theorem (Bombieri- Vinogradov). When (a,q) — 1, let E(x;q,a) be defined by 
the relation 

(1.5) Y w(n) — ~tt~t + E{x] q, a). 

x<n<2x 
n=a (mod q) 

Furthermore, let 

(1.6) E(x,q)~ max \E(x,q,a)\, E*(N, q) = maxfifi, q). 

a-(a,q) = l x<N 

If A > 0, then there exists B > such that if Q < N 1 / 2 log~ B TV, then 

(1.7) ]TiT(iV, (Z )<< A 7V(logiV)-' 4 . 

q<Q 

This result was proved by Bombieri in 1965 ([1]). At about the same time, A. I. 
Vinogradov ([23]) gave an independent proof of a slightly weaker result. There are 
numerous proofs of this result available in the literature; see, for example, [4] and 
[22]. We remark that in the usual definition of E(x;q,a), one takes the sum in 
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(1.5) to be over n < x. However, the above definition is more convenient for our 
purposes. 

The bound (1.4) was improved in several steps by Huxley [16] to 0.4394 .... In 1988, 
Maicr [17] used his matrix method to improve the bound to 0.2484 . . .. Recently, 
the first, third and fourth authors proved a best possible result in this direction. 

Theorem 1. (Goldston, Pintz, and Yildirim [10]) 

lim . nf ( Pn + 1-Pn \ =0 
n^oo y l0gp n J 

The proof of Theorem 1 uses, among other things, the Bombieri- Vinogradov The- 
orem. There are good reasons to believe that the bound in (1.7) holds for larger 
values of Q. More formally we have the following conjecture. 

Hypothesis BV{6). Suppose 1/2 < 6 < 1. If A > 0, e > 0, then 

(1.8) Y, \E* (N;q,a)\^ A , e N (log N)- A . 

q<N e -t 

If Hypothesis BV(9) is true, then we say that the sequence w has level of dis- 
tribution 9. Thus the Bombieri- Vinogradov Theorem shows that w has a level of 
distribution 1/2. The statement that zu has a level of distribution 1 is known as the 
"Elliott-Halberstam Conjecture" [6]. Any level of distribution larger than 1/2 will 
give the following strengthening of Theorem 1. 

Theorem 2. (Goldston, Pintz, and Yildirim [10]) If Hypothesis BV(6) is true for 
some 9 > 1/2, then 

liminf(p„ + i - p n ) < oo. 

// Hypothesis BV(6) is true for some 9 with 4(8 - VT9)/15 = 0.97096 . . . < 9 < 1, 
then 

liminf(p n+ i - p n ) < 16. 

n^oo 

Our first objective here is to give alternative proofs of Theorems 1 and 2. The 
primary difference in the proofs here and the proofs in [10] comes from the use 
of Selberg diagonalization and a different choice of sieve coefficients; this will be 
discussed in more detail below. Our choice of coefficients allows us to give an 
elementary treatment of the main terms; we will discuss this further after the 
statement of Theorem 6 below. 

Our second objective is to show that the results of [10] can be strengthened if one 
replaces primes by numbers with a fixed number of prime factors. Let denote 
a number with numbers with exactly k distinct prime factors. This contrasts with 
the usual definition of "almost-prime" , where is used to denote a number with 
at most k distinct prime factors. Chen [3] proved that there are infinitely many 
primes p such that p + 2 is a P 2 . While one expects that there are infinitely many 
primes p such that p + 2 is an Ei , this appears to be as difficult as the twin prime 
conjecture. However, we can prove that the limit infimum of gaps between EVs is 
bounded. 
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Theorem 3. Let q n denote the n th number that is a product of exactly two primes. 
Then 

liminf (q n+1 - q n ) < 26. 

n^oo 

The above theorem uses an analogue of the Bombieri- Vinogradov theorem for the 
function zu * zu, which is defined as 

zu * zu(n) — zu(d)zu(n/d). 

d\n 

Note that zu * w{n) = unless n is a product of two primes or n is a square of a 
prime. 

When (a, r) = 1, we have 

N<n<2N ^ ' x (mod r) N<n<2N 

n=a (mod r) 

and the expected value of this is 

(1.9) — l — w*K7(n)xo(n), 

^ T > N<n<2N 

where xo is the principal character mod r. A computation (see Lemma 7) shows 
that this quantity is asymptotically equal to 

\ P\r J 

where Co is the absolute constant defined in (2.7). 
Let E 2 (N; r, a) be defined by 

w*zu{n) = -^- llogN + C -2j2 — J +E 2 (N;q,a). 

N<n<2N ^v) \ P\r P / 

n=a (mod r) 

In parallel to the definitions of E(N,q) and E*(N,q), we define 

E 2 {N,r) = max \E 2 (N;r,a)\, E 2 (N,r) — max E 2 (x,r). 

a,(a,r) = l x<N 

Theorem (Bombieri- Vinogradov for zu * zu). For every A > 0, there exists 
B > such that iJQ< N 1 / 2 log" 5 N 

]T \E* 2 (N,r)\ ^ A N(\ogN)- A . 

r<Q 

This is a special case of a result of Motohashi [18]. Alternatively, one can easily 
modify the Vaughan's Identity for the von Mangoldt function A to an identity for 
A * A, and then use Vaughan's approach (see [22] or Chapter 28 of [4]) to the 
Bombieri- Vinogradov Theorem to prove the analogue for A * A. It is then easy to 
modify this to a result for zu * zu. 
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We also propose a natural analogue of Hypothesis BV(0). 
Hypothesis BV 2 {6). Suppose 1/2 < 6 < 1. If A > 0, e > 0, then 

(1.11) ^ |£; 2 *(iV;g)|«^ e 7V(logiV)- A . 

From this, we obtain the following conditional result. 

Theorem 4. If Hypotheses BV{9) and BV2{9) are both true for some 9 with (75 — 
V / 473)/56 = 0.950918 ...<9<1, then 

liminf (q n +\ - q n ) < 6. 

n^oo 

The basic construction for the proofs of Theorems 1 and 2 was inspired by work 
of Heath-Brown [14] on almost prime-tuples of linear forms. Heath-Brown's work 
was itself a generalization of Selberg's proof [20] that the polynomial n(n + 2) will 
infinitely often have at most five prime factors, and in such a way that one of n 
and n + 2 has at most two prime factors, while the other has at most three prime 
factors. 

Define 

(1.12) P{n-'K) = ]J {n + h), 

hew. 

The central idea is to relate the problem to sums of the form 

(1.13) £ ( £ a/ 

N<n<2N \d\P(n-M) 

and of the form 

(1.14) £ zu(n)( J2 ^ 

N<n<2N \d\P{n;3i) 

where one assumes that = for d > R, and R is a parameter that is chosen 
to control the size of the error term. One also assumes that = when d is not 
squarefree. 

To illustrate the relevance of the sums (1.13) and (1.14), we discuss one simple 
application that is related to the second part of Theorem 2. Let "K be an admissible 
fc-tuple, and consider the sum 

2 

(1.15) S:= J2 \'Z*>(n + h)-Qog3N)\l £ 

N<n<2N KhEJi ) \d\P(n\3C) 

For a given n, the inner sum is negative unless there are at least two values hi, hj € 
3i such that n + hi,n + hj are primes. From Theorems 5 and 6 below, one can 
deduce that if BV{9) is true, if R = N°- e for e > 0, and if < £ < k, then 

§ > N6(M)(\ogR) k+2e (logN)m(k,i,9), 
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where 

'2A 1 f fc(2^+l)(0 



m ^' £ ^)- ^J(HW\(fc + 2£ + l)(f + l) 1 
This last expression is positive, if for example, k = 7, I = 1, e is sufficiently small, 
and 20/21 < < 1. Consequently, if BV(1) is true, then for any admissible 7-tuple 
!K, there are infinitely many n and some hi,hj G J£ such that n + h i7 n + hj are 
both prime. Now 

M= {11,13,17, 19,23,29,31} 

is an admissible 7-tuple. IK is admissible because if p < 7, then none of the elements 
in "K are divisible by p, and if p > 7, then there are not enough elements in J{ to 
cover all of the residue classes mod p. Now any two elements of "K differ by at most 
20, so we conclude that if BV(1) is true, then 

liminf(p n+ i -p n ) < 20. 

To get the stronger bound of 16 given in Theorem 2 needs an extra idea; this will 
be discussed in Section 7. 

The success of the method depends upon making an appropriate choice for the Ad, 
and this takes us into the realm of the Selberg upper bound sieve. It is a familiar 
fact from the theory of this sieve that 



V 



N 



N<n<2N J v ' 

d\P(n-M) 



+ r d , 



where / is a multiplicative function and is a remainder term. (See the first part of 
Section 3 for the formal definition of /.) Accordingly, an appropriate transformation 
of the sum in (1.13) leads to consideration of the bilinear form 



(1.16) 



f([d,e\y 



The typical approach in the Selberg sieve is to choose the Ad to minimize the form 
in (1.16). To make this problem feasible, one needs to diagonalize this bilinear 
form. This can be done by making a change of variables 

, \ ^ Arfr 



(1-17) Vr = n(r)fi(r) 



f{drY 



where /i is the multiplicative function defined by /i = / * fi. (Note that the sum in 
(1.17) is finite because X d = for d > R.) The sum in (1.16) is then transformed 
into 



E 



h(rY 

and the bilinear form is minimized by taking 

(1-18) 2/. = M 2 Wy, 

where 

M 2 (r) 
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V ' 

One usually assumes that Xi — 1, but this is not an essential element of the Selberg 
sieve, and it is sometimes useful to assign some other nonzero value to Ai. 

The sum in (1.14) can be treated in a similar way. However, the corresponding 
function / must be replaced by a slightly different function /*, which will be defined 
in Section 4. Therefore, the optimal choice of \d is different from the optimal choice 
for the sum in (1.13). However, the basic structure of our approach requires that 
the same choice of Xd be used for both sums. We therefore face the problem of 
making a choice of Ad that works reasonably well for both problems. A similar 
choice was faced by Selberg and Heath-Brown in their earlier mentioned work, and 
they made this choice in different ways. Selberg [20] made a choice of A^ that was 
optimal for one problem, and was able to successfully analyze the effect of this 
choice for the other problem. Heath-Brown [14] chose 



k being the number of linear forms under consideration. While this choice is not 
optimal for either problem, it is asymptotically optimal for both problems. 

Inspired by Heath-Brown's choice, Goldston, Pintz, and Yildirim [10] chose 



Here, £ is a non-negative integer to be chosen in due course, with I < k. With the 
exponent k + £ , one is effectively using a k + ^-dimensional sieve on a fc-dimensional 
sieve problem. In an upper bound sieve, it is optimal to take the dimension of the 
sieve to be the same as the dimension of the problem. In the problems considered 
here, however, it is not the upper bound but the ratio of the quantities in (1.13) 
and (1.14) that is relevant. The presence of the parameter I is essential for the 
success of their method. 

In the current exposition, we make a choice that is a hybrid of the above and 
Selberg's original approach. Our choice is most easily described in terms of y r . We 
choose 



As motivation for this choice, we note that y r fi is the optimal choice given in (1.18) 
with Ai = V6(!K). Moreover, one can show that 




(1.19) 




(1.20) 





d<R/r 
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when r is not too close to R. In other words, the choice of Xdj in (1.19) gives a 
value of y r that is asymptotic to the expression in (1.20). 

One can use (1.17) and Mobius inversion to deduce that 

and so, when the choice of y r ^ of (1.20) is specified, one obtains 

J V ; r<R/d J y 1 

(r,d) = l 

when d < R. With this choice of \d,i, we set 

(1.23) A R (n;X,£) = ]T \ d j. 

d\P(n;'K) 

As we shall see, this choice Xd,e allows us to give elementary estimates for the main 
terms in (1.13) and (1.14). 

We also define 

{k - u p {K))\ogp 



(1.24) (3{K) =J2 

p 

This sum is finite because v p = k for sufficiently large p. 

Theorems 1 through 4 will be derived fairly easily from the following results. 

Theorem 5. Suppose that "K = {hi, . . . , hk} is an admissible set, and that < 
li,h<k. If R< ATV2-e then 

(1.25) ^ A R (n;H,£ 1 )A R (n;K,£ 2 ) = 

N <n<2N 

The implied constant depends at most on k. 

Theorem 6. Suppose that "K = {hi, . . . , hk}- Suppose further that Hypothesis 
BV{6) is true and R < N^-^' 2 . If h e "K, "K is admissible, and < l u l 2 < k, 
then 

(1.26) 

-uj{n + h )K R {n;%,li)K R {n;%,l 2 ) = 

N<n<2N 

f L + to + 2\ (log- R) k+il+e2+1 
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If ho ^ 'K, J{ = J{ U {ho} is admissible, and 1 < £\, £2 < k then 
(1.27) ™{n + ho)k R {n-%J, l )k R {n-'KJ. 2 ) = 

N<n<2N 

+ JV6(JC°) 1 1 + 0(m°)6(K°)/ log R} . 

The implied constants depend at most on k. 

With a bit more work, we could allow l\ or £ 2 to be in (1.27). However, wc omit 
this because the only place we use this result is in the proof of Theorem 1, where 
we will have £1 — £2 > 0. 

Analogues of Theorems 5 and 6 are given in [10] for Xd,t given by (1.19). The 
corresponding main terms in [10] are evaluated with the help of contour integrals 
in two variables and zero-free regions for the Riemann-zeta function. On the other 
hand, with the choice of Xd.t given in (1.22), we are able to give an elementary 
treatment of the main terms in Theorems 5 and 6. 

Theorem 7. Suppose that "K = {hi, . . . ,hk} is an admissible set, and that < 
£i,#2 < k. Suppose that Hypotheses BV{6) and BV2(6) are both satisfied, and 
R < ifh Q e j{ ; then 

m * zu(n + h )A R (n; "K,£i)k R (n; "K, £ 2 ) = 



N<n<2N 



\+to + 2\ flog R) k + l i+^ + 1 



£i + l ) y a ' v ' (k + £^+£.2 + 1)1 

(log R) k + e i+ t2 + 2 1 
+2T(fc, h, £ 2 )N&{%) { {k + 1 2 + I {1 + QC9(JQ6(JC) / log R)} 



where 

'h + £ 2 + 3\_ (i x + £ 2 + 3\ (i x + £ 2 + 2 

^2 + 1 J I <1 + 1 J Wl + 1 

The implied constant depends at most on k. 



T(k,t 1 ,l 2 ) = - 



The reader will note that the sums considered here are more general than the sums 
in (1.13) and (1.14)- the latter correspond to the case £1=^2 = £■ We will see in 
Section 7 that this extra flexibility is useful in applications. 

We also remark that the proof of Theorem 1 requires averaging over a set of Ji, 
where the elements of "K can be as large as logi?. Accordingly, wc shall take 
some extra effort to make our estimates uniform in h under the assumption that 
h < \ogN. For our results, it is not necessary to make the estimates in Theorems 
5 through 7 uniform in k. 

The implied constants in the error terms of Theorems 6 and 7 are ineffective due 
to the use of the Bombieri- Vinogradov Theorem, which uses the Siegel-Walfisz 
Theorem. However, the constants can be made effective by using the procedure of 
Section 13 of [10]. This procedure deletes the greatest prime factor of the eventually 
existing exceptional modulus from the sieve process. 
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The paper [10] gives an unconditional proof of a quantitative version of Theorem 
1; that 

(1.28) liminf (Pn + , - p n ) < ^ 

n^oo logp„(10glogp n ) 1 log log iOg log p n 

and this result requires that the estimates in Theorems 5 and 6 be uniform in k. 
In a forthcoming paper, Goldston, Pintz, and Yildirim will improve (1.28) to 

(1.29) liminf- , 2 < oo. 

n^oo (logp„) 1 /^(loglogp„)^ 

The function m * w used in Theorem 7 is convenient for calculations, but it is 
not optimal for applications. In a future paper we will show that by using other 
functions supported on E 2 , s 1 the bound in Theorem 3 can be improved to 8 and 
the allowable range for 9 in Theorem 4 can be improved to 0.51 < 9 < 1. We will 
also show that there is a constant C such that for any positive integer r, 

liminf (q n+r - q n ) < Cre r . 

n^oo 

Notation: The letters R, N denote real variables tending to infinity. The letter p is 
always used to denote a prime. The letters d,e,r are usually squarcfrce numbers; 
the letters m,n are usually positive integers. The notation u>(n) is used to denote 
the number of distinct prime factors of n. We use p to denote the function 

\ogp 



p(r) = l + E 



P 

p\r 

The letters S,L,U, and V, with or without subscripts, are often used to denote 
sums. The meanings of these symbols are local to sections; e.g., the meaning of Si 
in Section 6 is different from the meaning of Si in Section 7. 

We use denote a summation over squarefree integers. In general, the constants 
implied by "O" and "<C" will depend on k. Any other dependencies will be explicitly 
noted. As noted before, k is the size of ?C; we always assume that k > 2. The 
parameter i, with or without subscript, is an integer with < t < k. 



2. Preliminary Lemmas 

The following two lemmas are classical estimates that have proved useful for han- 
dling remainder terms that arise in the Selberg sieve. The results can be found 
in Halberstam and Richert's book ([11], Lemmas 3.4 and 3.5). We reproduce the 
proofs here since they are quite short. 

Lemma 1. For any natural number h and for x > 1, 

b h^W 

E ^-<(iog* + i)'\ 

d<x 



E * 

d<x 



■ d) <x{\ogx + l) h . 
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Proof. For the first inequality, we note that the sum on the left is 

£ %^4 E ^ £(logI+1) * 

di...dh<x \n<x J 

For the second inequality, we note that the left-hand side is at most 



d<x 

and we appeal to the first inequality. □ 

Lemma 2. Assume Hypothesis BV(9), and let h be a positive integer. Given any 
positive constant U and any e > 0, then 

h^E*(N,d) N (log N)- u . 

d<N e -t 

Similarly, if Hypothesis BV2 (6) is assumed, then 



J2 h^E;(N,d)<t:u,h,eN{\ogN)- u . 



d<N e 



Proof. We begin by noting the trivial estimate E*(N,d) <C N (log N)/d. By 
Cauchy's inequality 

/ \ */2 / \ 1/2 

h^E*(N,d)<\NlogN -5- E ^W^) 

d<N e ~' \ d<N e -' ) \d<N a -* 

<z h , e , A TvaogTv)^ 2 -^ 1 )/ 2 . 

We have used Lemma f and Hypothesis BV(9) in the last line. The first result 
follows by taking A = h 2 + 1 + 2U. The second result is proved similarly; one uses 
the trivial bound E* 2 (N, d) < 7V(log N) 2 /d. ' □ 



Lemma 3. If a, b are positive real numbers, both at least 1, then 
(logx/v)" ~ J -(lo, V /)" '— - (loK-rj 



u ^ x > r(a + b)- 



Proof. Upon making the change of variables u = x v , the left-hand side becomes 

(logx) a+b - 1 f (l-v) a -V~W 
Jo 

The result follows by the standard formula for the beta-integral. □ 



Our next lemma is another standard result in the theory of sieves. 
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Lemma 4. Suppose that 7 is a multiplicative function, and suppose that there 
positive real numbers k,A\,A^,L such that 

(2.1) o<2M< 1 _J_, 

- p - v 

and 

(2.2) -L< V 2Ml^_ Klog l< A2 

w<p<z 

if2<w<z. Let g be the multiplicative function defined by 

(2.3) ^)=n^4v 

it p - t(p) 



Then 



where 



E b ^) - c 7f^Tiy I 1 + (1^) } 



This is a combination of Lemmas 5.3 and 5.4 of Halberstam and Richert's book 
[11]. In [11], the hypothesis (2.1) is denoted (Oi), and hypothesis (2.2) is de- 
noted (02(k, Lj). As indicated above, the constant implied by "O" may depend on 
Ai,A2,k, but it is independent of L. This will be important in our applications. 

Lemma 5. Suppose that 7 and g satisfy the same hypotheses as in the previous 
lemma. If a is a non-negative integer, then 

^g{r) (log R/rY = c J {a +l } (\ogRY +a + M , A „ K , a (L(log R)^ 1 ) . 

r<R L(K + U+L) 



Proof. When a = 0, this is Lemma 4. If a > 0, then 

£ b g(r) (log i?/rf = a ^ g{r) f \logR/ ' zf~^ 

r<R r<R Jr 

R a(logR/z) a - 1 ^ 
— — 2^ 9(r)dz. 



i; 



z 

r<z 



Using Lemma 4, we see that the above is 



The desired result follows from using Lemma 3. □ 



dz 

z 
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Lemma 6. IfK is admissible and \hi\ < h for all hi £ 1H, then 

(2.4) 1< < logloglO/i 

and i/iene is a constant bk ( depending only on k) such that 

(2.5) G(H) < (logloglO/i) bfc . 

Proof. Without loss of generality, we may assume that h > 100; this will simplify 
the writing of logarithms. We note that v p < k if and only if p\A(3i), where 

(2.6) A = A(J{):= Yl \ h i~ h j\- 

l<i<j<k 

Therefore 

logp 



/3(M) = ^(fc-^)- 



p|A P 

where we have written v p as an abbreviation for v p (!K). We may assume without 
loss of generality that A > 100. 

Now i/2 = 1 whenever % is admissible, so we see that (3(Ji) > log 2/2. In the 
opposite direction, we have 

«*>« E ^ + E ^ 

p<logA ^ P |A 6 

p>log A 

, , . log log A log A 
< log log A + 



log A log log A 
< log log A + 1. 

Finally, note that A < h k2 , so that log A <C \ogh. This completes the proof of 
(2.4). 

Now consider 6(5f). From the definition of 6(Jt), we see that 

.ose W = ? {(^) + (?)}« 1 + £? 

The last sum may be bounded in a manner similar to that used for /3(!K). We have 
S p — p + 51 log A 

p|A ^ p<logA^ p|A ° 

p>log A 

<C log log log A 



log A log log A 
<C log log log A. 

As noted before, log A <C \ogh. Therefore, there is some constant bk such that 
log 6 (IK) < 6 fc logloglogft, and (2.5) follows. □ 



In our final lemma of this section, we give a computation that was used in (1.10). 
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Lemma 7. Suppose that q is an integer with all of its prime divisors less than y/~N. 
Then there is some absolute constant c such that 

n7*nj(n) = 2N logiV + Cc,-^ — + 0(iVexp(-c0og7V)), 

N <n<2N \ p\q P I 

(n,g)=l 

where 

(2.7) ^ = 2^2-27-1-2^-^. 

p 



Proof. We first use the hyperbola method to write 

zu * w{n) —2 zu(m) zu(n) — I zu(m) 

n<x m<^fx n<x/m \m<^x 

\ogp 



~2x — x + O (x exp(— c\J\og x)j . 



p<y/x 

Next, we use the classical estimate 

=\ogx- 7 -J2 pfal^) + 0(exp(-cVlog^)), 

p<x p ^ 

to get 

(2.8) zu * zu(n) = xlogx + C\x + 0(x exp(— cy'logx)), 



where 



We use (2.8) with x ~ N , x ~ 2N, and take differences to get 

(2.9) tn * w{n) = NlogN + NC + 0(N cxp(- Cv /log TV)). 

Af<n<2AT 

Finally, we note that for a given integer q < >/~N, 



ii 



(2.10) w*vu(n)^2j2^gp m( - 

p\q N<n<2N p\q N/p<n<2N/p 

(n,q)=p 

=2NJ2 — + 0(iVexp(-c v /ioi]v : )). 
p\q ^ 

The lemma follows by combining (2.9) and (2.10). □ 



SMALL GAPS BETWEEN PRIMES OR ALMOST PRIMES 



15 



3. Proof of Theorem 5 

As we noted in the introduction, we take v p ( Jf ) to be the number of distinct residue 
classes mod p in Jf. We extend this definition to arbitrary squarefree moduli d as 
follows. Let Id be the ring of integers mod d and define 

(3.1) Oj(Jt) = {a e TL d ■■ P(a;5C) = (mode/)}, 
We define Vdffl) to be the cardinality of fid(J{). 

Assume that d\, di are squarefree numbers with (di, d%) = 1. The Chinese Remain- 
der Theorem gives an isomorphism 

(3.2) £:Z dl xZ d2 ^Z dl d 2 - 

The set fi<z 1( i 2 (IK) is the image of f2d 1 (?C) x fi<i 2 (IK) under the isomorphism £, so 
fd(IH) is multiplicative. 

Throughout this section, we will take "K to be a fixed admissible set, and we will 
usually write Vd in place of Vd{'K). 

The left-hand side of (1.25) is 
(3-3) f E X ^ 

N<n<2N \d\P(n;K) 




d,e N<n<2N 
[d,e]\P(n;3t) 



d.e 



say, where 

(3.4) /(d) = 



= JV5i + 0(S 2 ), 

d 



and 



rd= E 7(d)' 

N<n<2N J v ; 



d|P(n;M) 

The estimates of Si and S2 require the following two lemmas. 
Lemma 8. We have 



Proof. We apply Lemma 5 with 
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Now v p < min(fc,p — 1), so (2.1) holds with Ai = k + 1. Moreover, 
-/3(M)< £ ( ^' fc)1 ° gP <0 



P 

w<p<z 



and 

\ogp 



J2 -^=log(z/«,) + 0(l). 



Therefore (2.2) holds with /c = k, A 2 some constant depending only on k, and 

L< l+PCK) </3(?C). 

Finally, we note that 

□ 

Lemma 9. Lef 6e as defined in (1.22). If d < R and d is squarefree, then 

\X d , e \^(logR) k+e . 

Proof. From (1.22), we see that if d satisfies the hypotheses of the lemma, then 
.. . 6(H) f(d) ^ M 2 (r) t 

^ V ; r<ii/d ^ V 7 
(r,d)=l 

t|d J W r<_R/d •' w 
(r,d)=l 

We move the factor 1/ f\ (t) inside the sum and write s — rt to get 

6(JC) ^ /X 2 (r) n j-j / j\£ 

l^i = — E E ^ lo ^) 

t|d r<i?/d J V ; 
(r,d) = l 

= H^E E ^y(log^/^)- 

t\d s<Rt/d J v y 
(s,d)=f 

For any i|d, we have i?i/d < i?, so 

IV/I < -r — (logi?) ^ -T7^- 

(s,d)=t 

Now for any s < R, there is a unique t\d such that (s, d) = t. Therefore 

6(M) „„ D ^/i 2 (») 



|Ad,i<^(iog^Er 
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To complete the proof, we observe that 

,2 



^h(s) -}} R { + hip)) 



s<R Jly ' p<R 

-1 / 1 x k / ■ 1 \ -k 



P J \ V J „ \ P 

(logfl) fc 
6 (IK) ' 



We now treat S\ and £2- For Si, we begin by writing 

r|e 



7R 



AM 



_ 6(Jt) 2 M 2 ( r ) log £l+ ^ (g/r) 
" ^2! ^ R h(r) 

Lemma 8 now yields the estimate 
For 5*2, we first note that 

\r d \<u d <k^ d \ 
We also have the bound for A<j^ given in Lemma 9. Therefore 

^2 = l^dA^e,< 2 r[d,e]| 

« (\ogR) 2k+t ^ Y? ku{[d ' e]) 

d,e<R 

« (iogi?) 4fc Y?( 3k ) u( - r) - 

r<R 2 

Using Lemma 1, we get 

(3.5) S 2 <^R 2 (log R) 7k <(iV/logA0 

provided R < N 1 / 2 '^ 

Theorem 5 follows by combining the above estimates for Si and £2- 
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4. Proof of Theorem 6, Part 1 



In this section, we consider Theorem 6 under the assumption that ho G IK. Our 
problem is translation invariant in K, so we may, without loss of generality, assume 
that h = and e IK. 

Let L denote the sum on the left-hand side of (1.26). Then 
(4.1) 

£ = ^A^Ae,^ y n7 ( n ) = E A<i A A ^ Y Y lo &p- 

d,e N<n<2N d,e aeCl, d e] (5f ) N<p<2N 

[d,e]|P(n;K) ' p=a (mod [d,e]) 

Now all prime divisors of [d, e] are < R, and R < N. Therefore, the innermost 
sum in (4.1) is if (a, [d,e]) ^ 1. Accordingly, we need an analogue of fid(IK) for 
reduced residue classes. For squarefree d, we define 

(4.2) n* d (3<) = {aeZ d : (a, d) = 1 and P(a; IK) = (mod d)}. 

Let z/j(IK) be the cardinality of fiJ(!K). For brevity, we will usually write z/j in 
place of ^(IK). 

When d\, di are squarefree and (d±, (fe) = 1, the set f2 did2 (K) is the image of f2^ x 
f2 d2 under the isomorphism £ of (3.2). Therefore, the function v* is multiplicative. 
Moreover, when p is prime, 

v* p = v p - 1, 
because we are assuming that e IK. 

In this context, the most natural analogue of 6 (IK) is the product 

,4.3, ^=n(-i)('-r'" 

Note, however that 



(4.4) 



s-<*)=n(i-^) (> 



p-^p\/p-l\/ 1 



=6(IK). 

Returning to £, we write this sum as 

(4.5) £ = ^A dA A e ,, 2 ^ ^ logp = 7V5 + 0(T), 

d,e oefJ* .(OC) N<p<2N 

p=a (mod [d,e]) 

where 

AdAA e ,£ 2 ^* de] 



(4.6) 5 = 2 
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and 

T = J2\*d,z 1 \e,i 2 W{ d , e] E*(N, [d,e]). 

d.e 

By Lemma 9 and Lemma 2, 

(4.7) T< (logi?) 2fe+£l+£2 ^ b (3fc-3) w(r) £*(iV,r) < (JV/logW). 

r<R 2 

We now consider the sum S. We shall define 
(4-8) /*(r) = ^. 

However, we need to take some care with this definition because there may be terms 
with v* = 0. However, v* = k — 1 for all but finitely many primes p, so there are 
at most finitely many primes p such that v * = 0. We define 



(4.9) A = A(M)= [] 



P, 



^*(M)=0 

and we use the definition in (4.8) for any r with (r, A) = 1. We define /*, a function 
analogous to /i, by taking 

/*(r) = /** M (r) 

for r with (r, A) = 1. For future reference, we note that if p is a prime and p \ A, 
then 

With this definition of /*, we now have 

r|e 

Here, and in the sequel, we use J2' to denote that the sum is over values of the 
indices that are relatively prime to A. Interchanging the order of summation, we 
get 



' A er ,i 2 
f*(er) 



E yr,<i 
f* 



where the quantity y* e is analogous to y r j and is defined as 



(4.H) y* r ,e 



otherwise. 
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Upon using (1.21), the original definition of \d,e, we see that 

^i r )y*r.i _ W ^dr.t _ W Kdr) m-^ y rdt ,j 

ft(r) V /*W ~Y f*( dr > t ^{rdt) 

V(r)f(r) v-' n{d)f{d) x - 2/ rdM 

Z^ f*M\ z^ 



/*(r)/i(r) ^ V/iW 

(d,r)=l 

/i(r)/(r) 

Z^ f 1 r m , i Z^ f*r 



/*(r)/i(r) ^ /iH^ /*(d) • 

(m.r) — 1 

Note that m can be any squarefree integer; we need not have (m, A) = 1. Now 

X- _ TT / /(p) 



n 



p- ^ P 
f p (p- i) 



v p (p- 1) 



=n 

p|m 

We may drop the condition that p \ A in the last line because when p\A, v p = 1, 
and (p — Vp)/{v p {p — 1)) = 1. Therefore 

(4 121 1 W p,(d)f(d) t r P - ^ 1 

l ' J A(m)f- /*(d) 11^-1)/^) 0(m)- 

a|m p|m 

Moreover, 

(4.13) /r(r)/(r) - r 



/*(r)/i(r) 0(r) 
when (r, A) = 1 , and so 

^ V ; m<R/r Vy ' 
(m,r) = 1 

when (r, A) = 1 . 

For the inner sum, we use Lemma 5 with 

1 ifpjr, 



liv) = 



ifp|r. 



The hypotheses (2.1) and (2.2) are satisfied with k — 1, some absolute constants 
Ai,A 2 , and 

L = E !^ +0(1) . 

p\r 

Let 

logp 



(4.15) p(r) = l + £ 



P 
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so that L <C p{r). With this choice of 7, we have 



Pi 

Wc therefore conclude that 



m<R/r 
(m,r) = l 



We remark parenthetically that Hildebrand [15] gave a more precise formula for 
this sum in the case I = 0. It is possible to use his result to derive a more accurate 
version of (4.16), but the above version is sufficient for our purposes. 

From (4.16) and (4.14), we deduce that when (r, A) = 1 and r < R, 
(4-17) y;, e = Ar)^y (logR/r)^ + O ( ^j^ 6(JQ(tog2fl/r 

We plug this back into our formula for S in (4.10) to get 

(4.18) S = V' = V + O {&CK) 2 {log R) l ^ +1 W) , 

/1 ( r ) 



r<R 



where 



(4 19) V= 6(3{)2 V' ^ (r) (logi?/r) £l +^+ 2 

and 

(4.20) W =J2% ir)Pir)r 



r<R 



A*(r) 0(r) 



We will use Lemma 5 for V. We will need to estimate a similar sum in Section 6, 
so it is convenient to have the following lemma that is general enough to cover both 
situations. 

Lemma 10. If d is squarefree, d < R, and a is a non-negative integer, then 

M) = l 

+ O ((/?(?£) + p(d))(log2i?/d) fc+a - 2 ) . 
Proof. We apply Lemma 5 with 

if(p,d) = l, 



7(P) = < V ~ 1 

[O ifp|d. 

With this definition for 7, we have 

liv) 
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when (p, Ad) = 1. Moreover, 

v * = u p — 1 < min(fc — 1, p — 2) , 
so (2.1) is true with A\ — fc. For (2.2), we first note that 
y- lip) logP = y- jv P - l)logP 

w<p<z w<p<z 

(p,d)=l 

1 j 2— p-i ^ p-i ^ p-i 

w<p<z w<p<z ' w<p<z 

{p,d) = l p\d 



Now 



E j^=log(z/w) + 0(l), 

w<p<z 

E {k -;^ ogp <m) + o(i), 

w<p<z 

(p.d)=l 

E <(*-D/*o, 

so (2.2) is satisfied with k — k — 1, A 2 some constant depending only on fc, and 
L = /3(J{) + (fc - l)p{d) + 0(1) < /3(5f) + p(d). Finally, we note that in this 
situation, 

-n^rHfn^) 



1 tt f y- y P 

by (4.4). □ 



From the previous lemma, with d = 1, we see that 
(4.21) 

= 6(JQ (h+h + 2)! k+ei+e2+1 

' " (£i + 1)!(^ + 1)! (k + h + £ 2 + l)l ( & ' 



+ 0{(3{'K)e{'K)' 2 {\ogR) k+ll+l2 ) 
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The sum W may be estimated by relatively trivial means. Now 

/i 2 (r)r tt-^i logp ^-v fi 2 (r)r 



\ V [r)r x logp W 
^ fttrWr) ^ p ^ fttrUM 

r<R Jly ' p<R 1 r<R J 1 y ' 

p\r 



I w* 



(r,p) = l 



« i + v w * « w* 

where 

U 23) - V' ^ {r)r - ^ fe(r) 

( ' ft{r)4>{r) ~ ^ r ' 

r<R J1 y ' r<R 

and 

(4-24) h(r)=l[- ^ -. 

p|, (P-" P )(P-1) 



Let hi = h* /x, so that 



Md)=n 



p(t/ p + 1) - i/ P 

d (p -l)(p -!/„)■ 



Then 
(4.25) 

r^E^EM^E^ E b ^^n(i + ^)E b f 

r<_R d|r d<fl r<R/d p<R V P / r<R 

(r,d)=l 

The sum on the right-hand side of (4.25) is <C (logi?) fc_1 by Lemma 1. The product 
is <c 1 because 

£iog(i + ^)«E^ — 

P <« v p ; ^(p-i)(p-"p) 

We conclude that W* < (log-R) fe_1 , and so 

(4.26) VK< (logii)*- 1 . 

Combining the above with the estimate in (4.21) gives 
(4.27) 



The first part of Theorem 6 (statement (1.26)) now follows by combining (4.5), 
(4.7), and (4.27). 
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5. Proof of Theorem 6, Part 2 



In this section, we consider Theorem 6 in the case ho (£ IK. As in the previous 
section, our problem is translation invariant, so we we may assume that ^ !K and 
IK = IK U {0}. Consequently, P(n; 3i°) = nP(n; "K). 

Now let L be the left-hand side of (1-27). If n is a prime with N < n < 2N, then 
1 is the only divisor of n less than N. When d < R < N, we have d\P(n; JC) if and 
only if d\P(n; !K°). Consequently, 
(5.1) 

£ =^2^d,e 1 \e,t 2 ^ ro ( n ) = X! <Wi*e,£ 2 ^ logp. 

d,e N<n<2N d,e aeZlf d ,(M°) N<p<2N 

[d,e]\P(n-M°) P=a (mod [d,e]) 

In parallel to the argument in (4.5) through (4.7), we find that 

£ = NS + T, 

where 

\d,eAe,e 2 v \ d e i(^°) 



(5.2) S = £ 

and 



0([d,e]) 

T = £ I CK )^*^, [d,e]) « 7V/logiV. 



d,e 

Therefore 

(5.3) £ = NS + 0(N/logN). 

The rest of this section is devoted to evaluating the sum S. 

For brevity, we write v\ for u*{"K°). Let 

A = A(K°) = J] p. 



p 

*4=o 



For squarefree r with (r, A ) = 1, we define 

(5.4) / f w=^=nf^ 



and 

(5.5) / 1 M = / t */i(r)=nr ' 

p\r * 



Note that 



4 = ^ P 



if0^fi p (?{) 

i/p-l if0efi p (:K). 
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We are assuming that ^ "K, so there are only finitely many primes p with € 
f2 p (JC). Let 

(5.6) B = B Q (X)= [] P= n P- 

p p 
»l=v p -i oen p (M) 

In fact, € fip(IK) if and only if p divides h for some h £ Ji. Therefore B n is the 
squarefree kernel of the product of all elements of !K. 

For future reference, we note that when (r,Ao) = 1, 



and 




p\B a p\B 



With the above definitions of p and f\ , we may write 
g _ y^' ^d/i A e ^ 2 



P([d,e]) 
^ /t(d)/t(e)^ Wr 



r|e 



/t(er) ; ' 

where ^'denotes that the sum is over values of the indices that are relatively prime 
to A Q . Wc get 



(5.7) 



where we define 



(5.8 



Vrl = \ 



V fl(r) 



* P( dr ) 



otherwise. 
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Upon using (1.21), our original definition of \d,i, we see that 

V( r )yl.e = W ^dr.t = \ n{dr) ^ y rdt . e 

f!(r) V / f ( dr ) Y t ^( rd *) 

= K r )f( r ) \ fJ-(d)f(d) \ - y rdt ,e 
P(r)h{r) 2j /t(d ) YA(dt) 

(d,r)=l 

MW/(r) 

2^ A fml 2^ 



Now 



(m,r)=l 1 



M<W) _ TT A /(P) \ _ TT /'i H 



W MW/W _ TT . .t(P) \ = TT [ 1 

Y i \ /W aii (p-i)i/ p r 

d|m p|m p|m \ / 

Pt^o 

The condition p { A can be dropped because = when p| A . Therefore 



v-' V(d)f(d) tt/ p_\ tt / pK - 1) 

Y /t(d) A M P-V^V ^p(p-I) 

Pt-Bo 

^t(m) 



V\B p\B 



4>(m) 

where / 2 is the multiplicative function defined by 

'l ifpf^o, 



(5.9) / 2 (p) 
In other words, 



w -/i(p) ifp|B . 
/ 2 (m)=M(m, J B ))/i((m, J Bo)). 



Therefore 

(5.10 2/| £ =/x r 777TTT1 /L TTTin/sH 

r(r)h(r) /i(m)0(m) 

(m,r)=l 

= 2/ x ggQ V /*(m)/ 2 (m)(logii/rm)* 

U *! /t(r)/i(r) /i(m)<Xm) 

(m,r) — 1 

The sum 

y, fj,(m)f 2 (m) 

(m.r) — 1 

converges, and so one would expect that 

^ ^ ( j /I ( S 7 J MAM ^ /i(m)^,(m) 

(m,r) — 1 
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when r < R and (r, Ao) = 1. From Lemma 11 below, we would then obtain 

yt,-^(r)&(lo g R/rY, 

and we will ultimately prove this. This asymptotic relation should be compared to 
(1.20) and (4.17). 

Lemma 11. If r is squarefree and (r, Aq) = 1, then 

fj{r)f(r) Km) Mm) 6 (ft ) 

P(r)h(r) A(m)0(m) ©(IK) ' 

(m,r) — 1 

Proof. For r satisfying our hypotheses, it is convenient to define 

(5 11) F(r) - / i (r)/(r) an d CM - V M(m)/2(m) 

(5 } " /t(r)/x(r) ^ GW - ^ M^W 

(m,r) — 1 

so that the left-hand side of the proposed result is F(r)G(r). We begin by noting 
that 



Moreover, 



<*>-n('-«$b) 

= TT PiP - 1 - ^p) TT P 
11( P -1)( P -, P )11 P -1 



In the last line, we used the fact that v^ = v v \ip\ B and = i/ p — 1 if p | Bo- 
Combining the last two results yields 

On the other hand, if we replace J{ by ft and fe by fc + 1 in (4.4), then we obtain 

A \ / i\- fe 



6(ft o )=6*(ft o )=n^i-_^ T j 



We combine this with the definition of 6(J£) given in (1.1) to get 
(5 13) 6(^°) tt P(p-1-4) TT f() 

The lemma follows by comparing this with (5.12). □ 
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Lemma 12. Suppose t > 1. If r < R and (r, Ao) = 1, then 

(5.14) yl e = M 2 (r) ©(^) (lQgjR/r) £ + Q (^ {r)m o )&{ ^ )(log2R /rY^) . 

Proof. From the definition of y\ e in (5.8), the lemma is trivial if r is not squarefree. 
For the remainder of the proof, we assume that r is squarefree, (r, A n ) = 1, and 
r < R. 

We start from the expression for y' ri given in (5.10). For a given m in the inner 
sum, write m = Sn, where S\B and (n,B n ) = 1. Then /2(m) = [i(5)fi(5) and 

(j,(m)f 2 (m) n 2 (5)n(n) 



h{m)4>{m) (t>{S)<t>{n)h{n) 
Therefore (5.10) may be transformed into 

t _ 6(JQF(r) ^) Mn) , 

^~ *! 0(5) ^ A(nM») 1 6 ' ' " 

<5|B ^ V ; n<R/r5 J y ' 
(<5,r) = l (n,rS )=l 

If we set 

Bo 



(5.i5) Bi=n? 



pfr 

then the above equation for y\ t may be written as 

5|Bi ^ V y n<R/rS J y yrV 7 
(n,rBi) = l 

For future reference, note that B \rBi. 
Now let 

(5.17) Y( X ;d,i) = £ J^i^/nY, 

(n,d) = l 

so that the innermost sum in (5.16) is Y(R/rS;rBi,£). 

Now assume that l>\. We begin our analysis of Y by writing 



(n,d) = l 

~Ji u h*„ 



du 



n<u h(n)ct>{n) 

(n,d) = l 



=Y 1 (x;d,e)-Y 2 (x;d,£), 
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where 
(5.19) 

and 
(5.20) 



;d,e)= J 



Y 2 (x;d,£) 



x £(logx/u) 



e-i 



' ti fi(n)<t>(n 

(n,d)=l 



■du, 



I 



x £(\ogx/u) 



e-i 



H(n) 



(n,d) = l 



■du. 



We see immediately that 



y,,^) = (.o S *)<n(i-« 



If we assume that B \d, then we may write 
(5.21) 



Y 1 (x;d,£) = (logxYl[F(p). 



For Yi (x; d,£) we bound the sum inside the integrand as 



(5.22) 

Now let 
(5.23) 



E 

n>u 
(n,d) = l 



H(n) 



f-t{n)4>(n) 



< 



E 

n>u 



M 2 W 
fi(n)4>(n) 



E 

t u<n<v 



/i 2 (71)77, \ dv 



fi{n)4>(n) I v 



2 ' 



/i 2 (71)77, 
h{n)(j){n)' 



This sum is very similar to the sum 14 7 * defined in (4.23); in fact, 

^ f n /i(n) 



w^) = E 



n<v 



n 



where /i was defined in (4.24). We have, similarly to (4.25), 



n<v d\n 



d * — ' n 

d<v n<v/d p<n 

(n,d)=l 



The sum on the right-hand side is <C (log2v) fe by Lemma 1. The product on the 
right hand side is <C 1 because 



(p- l)(p-v p ) 



< 1. 



Therefore 
(5.24) 



W\v) < (log2w) fc . 
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Now we use (5.24) in (5.22) to get 

fj,(n) 



E 

(n,d)=l 



fi(n)4>(n) 



(log2u) fc , (log2u) fc 



We use this in (5.20) to get 

(5.25) Y 2 (x;d,£) « (log 2s)'- 1 / (log2t>) fc 4 « (log 2a:)*- 1 . 
Combining this with (5.21) gives 

(5.26) Y(x;dJ) = (logs)* ]J F(p) + 0((log 2a;)*- 1 ) 
when B \d. 

Now we use (5.26) with d = rB\ in (5.16) to obtain 



<5|Si 
5<R/r 



n^)i e #oo«^ 



+ 



S(5C)F(r) X! ^( l0 S 2 W _1 

<5|Bi 



The error term in (5.27) is 



«60H)F(r)(log2i?/rr- 1 £^ 
«6(J{) ( [] ^(P)) (log2ii/r)*- 1 



«6(M°)(log2 J R/r) £ - 1 J] 

\pt''Bi 

We have used (5.13) in the last line. Now when p \ B , 

= l + 0(l/p 2 ), 



F(p)- 1 = (l 



(p- l){p-v p ) 



so 



n f ^ « l 

\p\rB l J 

Therefore the error term in (5.27) is 

(5.28) < 6(M°)(log2i?/r) £ - 1 . 
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Now we consider the main term in (5.27), which we write as 
(5.29) ®§2 ( JjF(p) ] {M 1 -M 2 -M 3 }, 



\P\Bi 



where 



M 2 =(lo g R/rY E 

S\B! ^ V 7 
5>B/r 

M 3= E W {OogW- (log W}. 

S\B 1 9{ > 
8<R/r 



For Mi, we note that 

M 2 (5) 



Therefore 



(5.30) J] F(P) = ^(logi?/r)^n^W = ^VgiJ/rf . 



by (5.13). 

For M 2 , we note that 



v /M«v m2(<5) log<5 



)/;| 0(5) ^ W (IogM/r)' 

<5>K/r 



and 



0(5) s ^ 0(5) ^ 8P ^p-i ^ 0(5) 

5|B! YK ' S\B X YV ' p\8 p\B! F 5|B!/p Yy ' 

_ \ - logp Bx/p _ Bx v - logp 
-^ p _ 10(Bl/p) - 0(Bl) 2-, „ 

PlBi 

Now if then p|B and v p (W?) < k. Therefore 

y i°SP < ^ (fc + l-t/ p (J{ ))logp = 
p|Bi P p P 

Consequently, 

(5-31) ^^i og(5 « F(i?1 ) /3( j t o )j 
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and so 

(5.32) ^fpM 2 1] F (P) ^{\og2R/rf- 1 e{'K)(3('K (, )F{B 1 ) J] F(p) 

<6(J{°)/3(5{ )(log2i?/r) £ - 1 . 

For M3, we note that when S < R/r, 
(log R/rf -(log R/rSY 

={logS) {{logR/rf- 1 + (log R/rS) (log R/rf- 2 + ... + (log R/rSf- 1 } 
< (log <5) (log fl/rf" 1 . 

Thus 

M 3 « (log2i2/r) /_1 J] « (lo g 2i?/r) £ - 1 F(S 1 )/3(J{ ) 

<5|Bi 1 ' 

by (5.31), and so 

(5.33) II F W « (log2i?/r)^ 1 6(J{ )/3(J{ ). 

Combining the estimates (5. 28), (5. 30), (5.32), and (5.33) gives the proof of Lemma 
12. □ 

In reference to the above lemma, we remark that with a bit more work we could 
give an estimate valid for y r $ with a somewhat weaker error term. However, we 
omit this because it is not necessary for the proof of Theorem 1. 

We can now complete the estimate of S. From (5.2) and Lemma 12, we see that 

(5.34) S = V* + O (S(W ) 2 /9(5£°)(Iogi2) /l+/2 - 1 W t ) , 
where 



r<R 

and 

Now is the same as the sum V in (4.19) except that "K has been replaced by 
k has been replaced by k + 1, and £1,^2 have been replaced by l\ — 1,^2 — 1 
respectively. From (4.21), we see that 

(5.35) V* = ^i+^6(5£°)^^^+0^)6(^)>gii)^+*"- 1 ). 

For W^, we use Lemma 10 with a = 0, d = 1, /* replaced by /I, fc replaced by 
fc + 1 to get 

(5.36) VF f < (logi?) fe . 
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Now we combine (5.34), (5.35), and (5.36) to get 

(5.37) s= + f2 ) 6 (3f°) + o(m°)&(x°nio g Rr^-i). 

Equation (1.27) now follows by combining this with (5.3). 



6. Proof of Theorem 7 

We may again assume, without loss of generality, that ho = 0. Accordingly, we 
assume throughout this section that € "K. 

Let £ denote the sum on the left-hand side in the statement of Theorem 7. Then 
(6.1) L = ^2 A dA A e; £ 2 ^2 X! w*ru(n). 

d,e aeO[ d , e] (M) N<n<2N 

n=a (mod [rf,e]) 



In this sum, we have d, e < R < v N, so [d, e] has no prime divisors exceeding v A. 
On the other hand, if A < n < 2A and m * 07(71) > 0, then n is a product of two 
primes, at least one of which must exceed >/~N. Therefore, the inner sum in (6.1) 
will be unless (a, [d, e]) = 1 or (a, [d, e]) = p for some prime p < R. 

We write 

£ = £i+£ 2 , 

where £i is the sum in (6.1) with the extra condition that (a, [d, e]) = 1, and £ 2 is 
the sum in (6.1) with the extra condition that (a, [d, e]) = p for some prime p. 

Before analyzing £ 2 , it is useful to note that when r is squarefree and (a, r) = p, 

^ * tu(n) =2 logp ^ w(m) 

N<n<2N « <m <2jv 

n=a (mod r) _ p a / i r \ 

v ' m—— (mod — ) 

- 2N {l0gP)<l,(P) + 0(E*(N/p,r/p)). 



<p(r) p 



When r is squarefree and p is a prime dividing r, we define 

(6.2) fi* p (J{) = {ae^ r : (a, r) = p and P(o; J£) = (mod r)}. 

Let i/* p = ^* p (CK) be the cardinality of fi* p (J{). 

We take d\ — p,d 2 = r/p in (3.2), and we see that fi* p (J{) is the image of the set 
{0} x Q* r /, p under the isomorphism £ of (3.2). Therefore 
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Using the above information, we find that 



(6.3) £ 2 = E A dA A eA X! X! E vo*w{n) 

d,e p\[d,e] aen* d p N<n<2N 

n—a (mod [d,e]) 

_ 9W \7^aU v,/ (logp)^(p) n / n An4fcP n 



d,e ^ ([d ' e]) P |[«I,e] 



where 



£ 2= E 3 u(r) ^^W P ,r/ P )(logj)). 



r<R 2 p\r 
p<R 

Upon writing r = pm and changing the order of summation, we find that 
£ 2 <3ElogP ^ {m) v* m E*{N/p,m). 

p<R m<R 2 /p 

By Lemma 2, the inner sum is < (7V/p)(log TV/p)- 4 *^ 2 < (A7p)(log A0~ 4fe ~ 2 . 
Summing over p, we get 

£ 2 «A^(logiV)- 4fe - 1 . 

Therefore 

Now we turn our attention to L\. From our definitions and (1.10), we have 

(6.5) ^i=E Ad ^i Ae ^2 E E nj*nj(n) 

d,e ae ^fd e ] N<n<2N 

n=a (mod [d,e]) 

where 

£ 1 = (logi?) 4fe ^^^W^^^.r). 

r<_R 2 

By Lemma 2, £i < N/ log TV. 

Combining our estimates for £i and £ 2 , we find that 

(6.6) L = N{\ogN + C )5i - 27VS' 2 + 2JVS 3 + 0(JV/logJV), 
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where 



2_ ^- M[d,e}) ^ P ' 

d,e ru ' J; p|[d,e] ^ 

r» \ - A d ,^A e ,£ 2 x - „ (logp)^(p) 

i3 -2^ 0(U e l) V ld,e]/P p ' 

d.e VU ' " p\[d.e] P 



We have already encountered the sum S\\ it is the same as the sum S defined in 

(4.6). From (4.27), we see that 

(6.7) 

Sl = (* + * X ym ^f;XTiy. + (W)em^ g nr^) • 

Of the remaining two sums, 53 is more important, so we concentrate on it first. We 
begin by interchanging the order of summation in £3; this yields 

(6.8) S 3 = ^U(p), 

p 

where 

p\[d,e] 

We decompose U(p) as 

(6.10) U( P ) = U 1 (p) + U 2 (p) + U 3 (p), 



where 



u 1 ( P ,t 1 ,t 2 )= E 



d,e 
p\d,p\e 



u 2 ( P ,e 1 ,e 2 )= E 



d,e 
P\d,p\t 

^ 0([d,e]/p) 

p\d,p\e 



Ad,£i A e ,j 


^*d,e]/p 




e]/p) 


Ad,£i A e ,< 


?2*fd,e]/p 




e]/p) 


Ad : £i A e ,j 


?2*fd,e]/p 



Going back to (6.8), we will write 

(6.11) £3 = 5 3 ,i + 5*3,2 + ^3,3, 
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where 

We will ultimately see that each , corresponds to one of the terms in the quantity 
T(k, defined in the statement of Theorem 7. More precisely, we will show 

that when 1 < i < 3, 

aosR) k + ii+i2 + 2 
5iM = Tl&[ ' K) {k + t 1 +i 2 + 'i)\ {l + R)} , 

where 

T _ ^i+^2 + 3\ /4+^2 + 3\ /£ 1+ ^ 2 + 2\ 



We note that Uiij>,i\,l-i) is the same as Ui(p, £1,(2) except that the roles of £1,^2 
have been reversed; i.e., U^ip, (-1A2) — U\(p,£2,ii)- Accordingly, we will concen- 
trate on evaluating Ui(p,£i,£2) and U^{p,£i,i2)- For brevity, we will usually write 
these as Ui(p) and Uz{p). 

The evaluations of U\{p) and U 3 (p) will require use of the quantity y* e defined in 
(4.11), as well as a new quantity z* p e . The latter is defined as 



(6.12) 



As in Section 4, we use denote that the sum is over values of the indices that 

are relatively prime to A. Note that z* e = if (p, r) 7^ 1. On the other hand, the 
condition p\A (i.e., v* = 0) docs not imply that z* p e — 0. However, one can easily 
show that if p \ A, then 

(6-13) z* e = ( ] y*j. 



l^{pr)f*{r)Y] "TTTTT if r < R /P and ( r > A ) = !. 
t J (dr) 

otherwise. 



We now give three lemmas that we will use for the evaluation of Si and S3. 
Lemma 13. If p < R, then 

Z r,p,i 1 Vr,i- 2 V *p \~^' Z r,p,l 1 Z r,p,t 



„ 14) „,<,,__ 5 ^f-^ E -f; 



•(>•) 

(r,p) — 1 (r,p) — 1 



and 



(6.15) tf 3 (p)= £ 



' Z r,p,£i Z r,p,f 2 



ft(r) 

(r,p) = l 
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Proof. The sum U\ (p) may be written as 

(6.16) ^.w-^ m « -2. /.(„/•(.) 2- AW 

pfe pf e Pt e r|e 



y' fffi i y Xdr p^ i y a «-a 

(r,p)=l Vpfe / 



In the last expression, the first sum in parentheses is v{pr)z* pei /ff(r). The inner- 
most sum is 



/*(er) ^ /*(er) /^(r) ^ /*(er)' 

p|e p|e 



We claim that 



{ ■ ) 4- /*(er) (p-l)A*(r) ' 

p|e 

If i/* = 0, then both sides of (6.17) arc 0. If u* ^ 0, then 

T,p,l 2 

v fR ~ v ~ /iW/*(p)' 



and (6.17) follows again. 

Going back to (6.16), we find that 

(r,p)=l 

and (6.14) follows. 
For Us(p), observe that 



K r )Vr.e 2 _ V{ r P) Z r.p.l 2 V p 

fl(r) A*(r)(p-1) 



m h f * {[d > e]) h 

r|e 

= E'/.»(E'^y)(i:' 



/*(er) 

(r,p)=l 

, fi(r) ' 

(r,p)=l 

and this yields (6.15). □ 
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Lemma 14. If r < R/p and (r,A) = 1, then 

(6-18) < P ,e = M 2 M (^|y (^) (logR/rp)^ 

+ 0^ 2 (rp)^^em(\og2R/rp)^ . 

We remark that the error term could be simplified; it is obvious that 

p(rp)rp p(r)r 
<j){rp) (j){r) ' 

However, we prefer to write it as above to emphasize the connection between y* t 
and z* pi . In fact, this lemma follows immediately from (6.13) and (4.17) when 
v* 7^ 0. However, the following argument works whether or not v* = 0. 



Proof. The result is trivial is rp is not squarefree, becuase both sides of (6.18) are 
in this case. For the rest of this proof, we assume that rp is squarefree. Note that 
this assumption implies that (r,p) = 1. 

We start by observing that 

[i{rp)z* r v l _ „/ \ drpJ _ t-^i ^(drp) \ - Vdr P t,i 

ft (r) ~ 2f f* (dr) ~ ^ f* (dr) 1 ( rP) 2f h {drpt) 

n{rp)f{rp) w n(d)f(d) 

f*{r)h(rp) ^ hijn)^ m f*(d) 

(m,rp) — 1 

p(rp)f(rp) 
~~ /*(r)/iM ^ 4>{m) ' 

(m,rp) — 1 

In the last line, we have used the relation (4.12). If we also use (4.13), we find that 

z * f(r)fi( r )f(p) y- yr P m,£ 

[ ■ ' r ' p ' 1 h(r)f*(r)h{p) m ^ /rp <f>(m) 

(ni,rp) — l 

l\ <j){rp) {p - v p ) 4>{m) 

m<R/rp 
(m.rp) — l 

We then use (4.16) to complete the proof. □ 
Lemma 15. If a, b are non-negative integers, then 

£ (lQSPr+1(l0gfl/P)b =r^w(^r +6+1 + O a , b ((logRr+% and 

pTr p (a + b+iy. 

E (losp)a+1( 2 los ^ )fc « a (iog^. 

P<R P 
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Proof. Let E(u) be defined by the relation 

y; to = iog« +£?(«>. 

p 

p<u 

It is well-known that E(u) <C 1. The first sum in the lemma is 

^ (logpr+Hiog^/p)" = 

P<R * 

r R du r R 

/ (logM)°(logi?/w) b — + / (logu) a (logR/u) b dE(u). 
Ji u Ji 

By Lemma 3, the first integral is 

— -(\ogR) a+b+1 . 



{a + b 

Using integration by parts, we see that the second integral is 

Si E{u) ii {( l °Su) a (log R/u) b } du « a , 6 (logR) a+b . 

This proves the first statement. The second statement is easier; we simply note 
that 



P<R P P P 



□ 



Evaluation 0/53,3. From Lemmas 13 and 14, we see that 
(6.20) 



where 



(6.21) V 3 (p) = E' 7774(logi?/rp/ 1+£2+2 , and 

(r,p) = l 



jj?{r)p{r)r 



VF(p) is majorized by the sum VU defined in (4.20), and, using (4.26), we see that 

(6.23) W(p)<$: (log R) k -\ 

From Lemma 10, we see that 
(6.24) 
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We combine the above estimates for V^(p) and W(p) with (6.20) to get 
(6.25) ^(^f 1 ! 4 : 2 ]6( 5( )^- 1 ^ l0g ^ + ' 1+l2+I 



i + l J '\p-vpj {k + h+i 2 + \)\ 

+ O (f3(X)e(X) 2 (log R) k +^+^) . 

We can now finish our estimation of 63,3. From our definition and from (6.25), we 
get 

*3,. = E^»(p) 

p<R P 

^ + ^ + 6(3Q y, /logp\ (p-l_\ k+ei+(2+1 

+ lf3(X)&(X) 2 (\ogR) k+l ^ J2 — 
\ p<R P 

Now (p — l)/(p — v p ) = 1 + 0(1/ p), so we may use Lemma 15 to get 

(6 ' 26) 4 + 1 J 6(:K) (fc + 4 + ^ + 2)! 

+ O (PCK)&CKf(\ogR) k+ll+ ^ +1 ) . 

Evaluation of S3.1. The evaluation of 63,1 proceeds similarly to the evaluation of 
63,3, but it is somewhat more involved. We start by defining 

(6-27) U 4 ( P ) = 

(r,p)=l 

and 

(6.28) 5 4 = J] — C^4(p). 

P<fi p 

Then (6.14) may be rewritten as 

(6.29) U,(p) = -U 4 (p) - -^-U 3 (p), 

P- 1 

and we may also write 

(6.30) 4 . 1 .. ai .g^ DiW . 
From (6.25), we see that 

(6 .31) Yl ^§U 3 (p) « /3(M)6(M) 2 (logi?)^ 1 ^+ 1 

< l3CK)eCK) 2 (\ogR) k+ ^+^ +1 . 
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Now we concentrate on U4(j>) and S4. From (4.17) and Lemma 14, we see that 
(6.32) 

UM = in (£k) V4<p> + (s(M)2<log v M+lw ^ • 

where W(p) was dchned in (6.22) and 

(6.33) V 4 (p)= Y! ^(log R/r) k+1 (log R/rp)^ +1 . 

r<R/p Jl [T> 
(r,p)=l 

We write log R/r — logp + log R/rp and use the binomial theorem to get 
V*(P) = E C 2 + ') Q°BpY E' jM^gR/rp)^ 

1=0 V 3 ' r<R/ P h (r) 

(r,p)=l 

We apply Lemma 10 to the inner sum, and we get 
(6.34) 

V 4 (p) = 



+e 2 +2-j 



M^rJgl i J ( fe+ ^i + f 2 + i-i)! (l0Sf)) (l0gJ?/p) 



+ 0{(3CK){\og2R) k+l ^). 
Using this together with (6.32) and (6.23) gives 



(6-35) U A {p) = {£i+ ^l + 1 y U 5 ( P ) + 0(/3(M)6(5£) 2 (logi?) fc +^+^), 
where 

(6.36) %(p) = g^ ^ J(fcT77T^Tw)! (l0gp) (l0gii/p) 



fc+^i+^2+i-i 



For future reference, we note the crude estimate 

(6.37) U t {p) < /3(?C)6(M) 2 (logi?) fe+£l+fe+1 

that is implicit in the combination of (6.29), (6.35), (6.36), and (6.25). 

Using (6.28) and (6.35), we see that 

(6 - 38) * 4 = fr+Sfr + i). E -^u*<p) + o(m)&m 2 (iogR) k+e ^ +1 ). 

We apply Lemma 15 to get 



]T (^i£) (iog^(iog J R/p) fe +^+ 1 -' 



= i!( ( fc ^r+l + + 1 2)! j)! (1 ° g ^) Wl+ ' 2+2 + 0(Qogi?) fc+ ^ 1+1 ). 
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Using this in (6.38) gives 

(6.39) 54-6(50 ^ + 

+ 0(/3(J{)6(J{) 2 (logi?) fe+£l+£2+1 ). 

To treat the sum of binomial coefficients in the above, we make a change of variables 
j = £ 2 + 1 — i. The sum then becomes 

(6 40) ^V4 + i + A = ^ 1 f^ + 2 + A rti + i + i 

i=0 ^ 2 ' i=0 

provided we make the usual convention that 
The sum on the right-hand side of (6.40) is telescoping, so 

£2 + 1 



i-1 



E 



h + 1 + A fh + £ 2 + 3 



i=0 

Putting this information into (6.39) gives our final estimate for 5*4; i.e., 
(6 - 41) 54 = l 4 + 1 J 6(:K) (fc + 4 + ^ + 2)! 



0(/3(J{)6(:H) 2 (logi?) 



From this, together with (6.30) and (6.31), we get 



k+e 1 +i 2 +i\ 



4 + 1 ) v ' (fc + 4+4 + 2)! 

+ 0(f3(X)&(X) 2 (logR) k+ei+e2+1 ). 

As we noted earlier, £3,2 is the same as 53,1 with the roles of £\ and £2 reversed. 
Therefore 

(£^ + £2 + 3\ flog R) k + e i+^+ 2 

(6.43) S 3 , 2 = - [ „ V 6(^) 1 S j 



4 + 1 / y (fc + 4+4 + 2)! 

+ 0(/3(M)6(J{) 2 (log fl) fe +*i+*2+i) 



Combining (6. 42), (6. 43), and (6.26) gives 

(] og i2) fc +<i+^+ 2 



(6.44) S 3 =T(fe^i,^)©(50- 



(fc + 4+4 + 2)! 
+ 0(/3(5{)6(5f ) 2 (log i?) fe+£l+£2+1 ), 

where T(k,£\,£ 2 ) is as defined in Theorem 7. 
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Finally, we will quickly dispatch S2. We rewrite this sum as 

q \-' A d:£l A eA logp _ W logp , . 

where U(p) was defined in (6.9). We employ the crude estimate 

U(p) < 6{H) 2 /3{'H)(logR) k+ei+e * +1 . 

This is easily seen by combining (6.10), (6.37), (6.25), and using the symmetry 
between U\(p) and [/2(f)- The sum 

\ logp 
^ Pf*(p) 

p<R yJ X1 ' 

is <C 1. Combining the above gives the bound 

(6.45) S 2 < e{-Kf [3{'K){\ogR) k+tl+t2+1 . 

The proof of Theorem 7 is completed by combining (6.6) together with the final 
estimates for Si , S2 , S3 , which are (6.7), (6.45), and (6.44) respectively. 



7. Proofs of Theorems 1 through 4 



Let Oi — {hi, /12, ■ • • , hk} be an arbitrary admissible fc-tuple. Without loss of gen- 
erality, we may specify that 

hi < h 2 < . . . < h k . 

It is also useful to assume that 

(7.1) h k <logN. 

With this hypothesis, we see from Lemma 6 that the error terms in Theorems 5, 6, 
7 satisfy 

/3(J{)6(M)/log^< (logloglog7V) bfc+1 /logiV< (log log TV) /log TV. 



Consider the sum 
(7.2) 

§1 := J2 \Y.^ n + h ) - ( lo S 3 ^)| (EMlogi^A^IH, 

N<n<2N Uew J \e=o 



For a given n, the sum inside the brackets is non-positive unless there are at least 
two distinct values, hi, hj € IK such that n + hi,n + hj are primes. Consequently, 
if we can show that the sum in (7.2) is » 7V6(!H)(log R) k+1 , then we can conclude 
that liminf^oc^+i - p n ) < h k - h x . 

Expanding the square in (7.2), we see that 

§1- ]T b il b i ^ogR)- ei - e2 Mi(£i,£ 2 ), 

0<li,i2<L 
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where 



\^2w{n + h)- (log 3N) I A fl (n; H, *i)A fl (n; H, £ 2 ). 



We assume Hypothesis BV(6), and we use Theorems 5 and 6 with R = N^ e e '/ 2 
to get 



i'l + i / v y (k + e 1 + e 2 + iy. 

1+f2 Ve(j{)- (logfl)Wl+<2 log7V 



- N6(:H)(logi?) fc+£l+fe (logiV)(m(Mi^2,60 - e') 

where 
(7.3) 

, fr , , m ^i + M 1 / fc(ii + i 2 + i)(ii + i 2 + 2) e 



(fc + £1 + £ 2 )! V ( fc + 4 + ( -2 + + + 1) 2 
and e' = e'(fc, £i,£ 2 , e) goes to as e goes to 0. 

Define b = (b , 61, ■ • ■ , Then (we suppress the e' term) 

(7.4) S;WM) , )b):= __|_ ] ^ 

~ b ei be 2 m(k,£ u £ 2 ,e) 
o<e lt e 2 <L 

= b T Mh, 
where M = M(fc, 8) is the matrix 

M = [m(k,i,j,0)]o<ij<L- 
Our goal is to pick b to make SJ > for a given 6 and minimal k. This is easily 
determined by picking b to be an eigenvector of the matrix M with eigenvalue A, 
in which case 

L 

S* ~b T Ab = A^& 2 . 

This will be positive provided A is positive. We conclude that Sf > if M has a 
positive eigenvalue and b is chosen to be the corresponding eigenvector. 

With k = 6 and L = 1, we find that 

"480 - 56 96- 8 



96-8 26 -2 



The determinant of 8!M is 156> 2 - 646* + 48, which is negative if 4(8 - VT§)/15 < 
6 < 1. Since the determinant is the product of the eigenvalues, we conclude that 
M has a positive eigenvalue for 6 in this range. Consequently, if !K is an admissible 
6-tuple, then there are infinitely many n such that at least two of the numbers 
n + hi , . . . , n + h@ are prime. We complete the proof of the second part of Theorem 
2 by taking 

%= {7,11,13,17,19,23}. 
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% is admissible because for p < 5, none of the elements in % are divisible by p, and 
for p>7, there are not enough elements to cover all of the residue classes mod p. 

To prove the first part of Theorem 2, we again use (7.4); however, we use the trivial 
choice b e — 1 for some specific £, and bi — for all other i. Then 

S* ~ m(k it 0) - ( 2t \ 1 f 2fc (2l+l) 1 



The above is positive if 



2 « + 2/\ fc 
The right-hand side approaches 1/2 if £, k — > oo with ^ = o(fc). 

The above argument just fails when = 1/2. To remedy this, we modify (7.2) by 
taking h to be a parameter to be chosen later, with h < logiV. We then sum over 
all admissible size k subsets "K of {1, . . . , h}. Specifically, we take 

(7.5) Si= Yl E \ E Mn + ho) - (log3JV) I A 2 R (n-X,e). 

WC{l,...,/i} AT<n<2W I l<h <h I 

|M|=fe 
[K admissible 



We apply Theorems 5 and 6 to the sum §i for those terms when "K and U {ho} 
are both admissible. There may be terms with "K admissible but "K U {h } not 
admissible; for these terms we apply the trivial bound 

J2 E ™{n + h )k R (n; Jt,£) 2 > 0. 

N<n<2N l<ho<h 

We find that 

(7 - 6) Sl ~U+J (jfc + 2^+1)! E E e (^) 

i (k + 2iy. E E e(5cu{M) 

' K ' l<h a <h J(C{l,..,fi} 

|lK| = fc,ho^W 

/2A jV(logjV)(logi?) fc +^ ^ 

v 7 v ; JCC{l,...Ji} 

|M| = fe 

We have dropped the condition that "K is admissible in the above sums; we may do 
so because 6(J{) = when "K is not admissible. 



Now we observe that 

E E & w = k E e w~^p 

l<h„<h HC{1...,M HC{l,..,fi} 
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In the above, equality occurs from noting that every relevant set 3i occurs k times 
in the initial sum, and the asymptotic relation is a theorem of Gallagher [8]. We 
also have that 

uk+l 

£ £ 6(MU{M) = (H1) £ 6(1*)-—. 

l<h <h JfC{l,...,h} «C{l,...,?i} 
\9C\=k,h $M |Jf|=fc+l 

Returning to the evaluation of Si, we find that 

- f2e\ N(logN)(logR) k + 2e h k l 

Sl ~ [t ) WT2l)\ bl (fc ' £ ' h) 



where 



b x {k,l,h) = 2 • — — ^— + 



'+1 fc + 2^+1 log TV log TV 



Unconditionally, we may take = 1/2, so log i?/ log AT = 1/4 — e. We get two 
primes in some interval (n,n + h], N < n < 2N provided b\{k,i,h) > 0. This is 
equivalent to 

h { 2k 2£ + 1 / 1 



log AT k + 2(. + l £+1 \4 

_ k + Al 2 + U + 2 + 4e(fc + 2kl) 
~ 2(1 + £)(1 + 2£ + fc) ' 

On letting I — [Vk] and taking k sufficiently large, we see that this is valid with 
h/logN arbitrarily small. This proves Theorem 1. 

For the proofs of Theorem 3 and Theorem 4, we note that if N < n < 2N then 

. (log3AQ 2 
zu * vjyn) < . 

Accordingly, we consider 

(7.7) §2 := £ fE^)-^}x 

N<n<2N [hEtt J 

x (^2b t (logR)- e A R (n;Jt,i)\ . 
v=o / 

The term n contributes a negative amount unless there are two values hi, hj € IK 
such that n + hi,n + hj are products of two primes. The values of n for which any 
n + h is a square of a prime contribute <C A fl / 2 (log N) 2k+2 , and this contribution 
may be absorbed into the error terms of our estimates. 

We assume Hypotheses BV{&) and BV2(9), and we argue along the same lines as 
in the proof of Theorem 2. When R = N^ e ~ € ^ 2 , we obtain 

§2= £ 6 £l 6 £2 (lo gj R)- £l - £2 M 2 (4,^), 
o<e!,e 2 <L 



SMALL GAPS BETWEEN PRIMES OR ALMOST PRIMES 



47 



where 



M 2 ~ e(^)N(logN) 2 (\ogR) k+ei+e2 (m 2 (k,£ 1 ,l 2 ,e) - e'), 
m 2 (k,£ 1 ,£ 2 ,9) = m 21 +m 22 - m 23 , 



m 2 i = 



m 22 



m 23 = 



h +£ 2 + 2 



i + l J (fc + 4+^ 2 + l)!2' 
h + i 2 + 2\ _ (t x + i 2 + 3\ _ fly + 1 2 + 3^ 

+ l ) V + l / V ^2 + 1 // (fc + ^1+^2 + 2)! 4 ' 
l fh + £ 2 \ l 



2 V h J{k + h+i 2 )V 
and e' = e'(k, i x , £ 2 , e) -> as e -» 0. 

Let b be as defined before. Then (suppressing the e' term) 

§2 



§* 2 (N,X,0,b) ■-- 



Ne(K)(logR) k (logN) 2 



^2 b ei b e2 m 2 (k,e 1} £ 2 ,9) 



o<ti,e 2 <L 



= b T M 2 b, 

where M 2 = M 2 (fc, 9) is the matrix 

M 2 = [m 2 (k,i,j,6)] <ij<L- 



We first prove Theorem 4. As in the proof of Theorem 2, we wish to show that 
there is some b such that §' 2 > for a given 9 and minimal k. Taking k = 3 and 
L = 1, we find that 

246> 2 + 606> - 40 -79 2 + 189 - 10" 
-79 2 + 189 - 10 -26» 2 + 66>-4 



(7- 



M 2 



1 



480 



If we take 6(0) = 1, 6(1) = 4, then we find that 



79 2 



59 23 



b J M 2 b = -— + — - — . 



This is positive whenever 



30 

75 - V473 
5(3 



60 



< 9 < 1. 



Finally, we note that IK = {5, 7, 11} is an admissible 3-tuple, so this completes the 
proof of Theorem 4. 

We can also prove Theorem 4 with a slightly wider range of allowable 9 by taking 
the determinant of the matrix in (7.8). A numerical calculation shows that this 
determinant has a zero at 9 = 0.943635 . . .. 

For the proof of Theorem 3, we take k — 8, L = 2, 9 = 1/2 — e, and we find that 



M2 = i4! 



-216216 8736 3458 
8736 -364 14 
3458 14 -36 
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With 

6(0) = 1,6(1) = 16,6(2) = 16, 

we find that 

14!b T Mb = 78760 > 0. 

Now IK = {11,13,17,19,23,29,31,37} is an admissible 8-tuple, so this completes 
the proof of Theorem 3. 

We make one final comment regarding the proofs that make use of bilinear forms 
in b. By taking 

L 

^6,(logi?)- £ A K (n;Jf,^) 

1=0 

in the definitions of §i and 82, we are in essence using 




In other words, we have essentially replaced (log R/r) 1 in (1.20) by a polynomial 
in log R/r. 
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